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August 18, 2011

Abstract
Graph augmentation problems are motivated by network design, and have been studied extensively in optimization. We consider augmentation problems over plane geometric graphs,
that is, graphs given with a crossing-free straight-line embedding in the plane. The geometric constraints on the possible new edges render some of the simplest augmentation problems
intractable, and in many cases only extremal results are known. We survey recent results,
highlight common trends, and gather numerous conjectures and open problems.
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Introduction

Let G = (V, E) be a graph. We say that a second graph G′ = (V, E ∪ E ′ ) obtained by adding a
set E ′ of edges to G is an (edge) augmentation of G. The goal of this operation is to ensure that
the augmented graph G′ has some desired property. Usually, one would like to achieve the goal
at a minimum cost, which is typically measured by the number of new edges, although weighted
versions are also possible. In this survey, we consider edge augmentation only, but we note that in
general one could augment a graph with both new vertices and edges, or even subdivide an edge
(by replacing an edge with a path).
A geometric graph G = (V, E) is a graph drawn in the plane such that the vertex set V is a set
of points in the plane, and the set of edges E consists of line segments with endpoints in V , whose
relative interiors are disjoint. Two edges of a geometric graph cross if they have an intersection
point lying in the relative interior of both edges. We consider crossing-free (or noncrossing) geometric graphs, where no two edges cross. The terms plane geometric graph, (crossing-free) segment
configuration, and planar straight-line graph (for short Pslg) will also be used here as synonyms
for crossing-free geometric graphs. Rather than using only one of these terms in this panoramic
paper, we use them all interchangeably, as otherwise a reader who follows the references may be
confused by the diversity of the terminology in the literature.
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been conducted at Tufts University, Medford, MA, USA. cdtoth@ucalgary.ca

1

Compatibility and visibility. Two crossing-free geometric graphs, G1 = (V1 , E1 ) and G2 =
(V2 , E2 ), are compatible if their union (V1 ∪ V2 , E1 ∪ E2 ) is also a crossing-free geometric graph.
In this survey we focus on augmentation problems in which a geometric graph G = (V, E) is
augmented to a graph compatible with G. For example, G could be a set of disjoint segments and
we may want to add new segments among the endpoints in order to obtain a crossing-free spanning
tree with certain desirable properties. Alternatively, we may be given an arbitrary noncrossing
geometric graph G and we might want to add the minimum number of edges to increase its vertex
or edge-connectivity. In a third example, we may consider whether from any given plane spanning
tree G we can construct an augmentation G′ containing a Hamiltonian cycle or, when V is even, a
perfect matching (Fig. 1).
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Figure 1: The tree on the left does not contain any perfect matching. Augmenting the tree with the three
dashed edges on the right results in a graph that contains a perfect matching. For example, the three new
edges together with the original edge u2 u3 form a perfect matching.

The possible new edges that may be added to a geometric graph G = (V, E) can be interpreted
in the context of visibility problems, which emerged in the late eighties and early nineties. We say
that two vertices p, q ∈ V see each other (i.e., they are mutually visible) if the segment pq does
not cross any edge in E and its relative interior does not contain any vertex in V . The edges in
E together with all visibility edges form a geometric graph, called the segment endpoint visibility
graph for the segment conﬁguration E. Notice that a segment between two vertices in V belongs to
this graph if and only if it is compatible with E. We refer the readers to the surveys [11,50,87,115]
for properties and related results stated inside the visibility framework.
For a set of points S in general position (that is, no three points on a line), we denote by K(S)
the complete geometric graph on vertex set S, that is, where every pair of points is joined by an
edge.
A unifying framework. The concepts of augmentation and compatibility allow to describe,
under a unifying framework, several problems that have a common ﬂavor and have attracted substantial research, yet make use of diﬀerent terminology or aim at diﬀerent goals. A uniﬁed view
helps to identify and understand common methods and common diﬃculties.
Our survey is not intended to be exhaustive, since there are many diﬀerent variants of the
augmentation problems under this framework. Rather, we have selected a sample of representative
problems that provide the reader a global comprehension of the ﬁeld. Along the way, we also
present several open problems and unsettled conjectures.
In the augmentation problems we consider, we are typically given a planar straight-line graph
G and a property P; and our goal is to ﬁnd an augmentation G′ with property P. When the aug2

mentation is not necessarily feasible, one may seek eﬃcient decision algorithms and combinatorial
characterizations. If the augmentation is feasible, then the goal is to ﬁnd the minimum number of
new edges required. This includes possible combinatorial characterization of the minimum number,
eﬃcient algorithms to construct a minimum augmentation, approximation algorithms, as well as
bounds on the extremal number of edges required over certain classes of graphs.

2

An introductory example: augmenting a matching

A set of disjoint line segments in the plane is, in eﬀect, a crossing-free straight-line drawing of
a perfect matching, where the segment endpoints are the vertices. This is a basic scenario for
augmentation problems, in which we can neatly see geometry and graph theory interplay. In this
section we review some fundamental results about this particular case.

2.1

From perfect matchings to Hamiltonian cycles and paths

A polygonization of a given point set S is a simple polygon whose vertex set is exactly S, in other
words, a crossing-free spanning cycle in K(S). It is easy to see that every set of n ≥ 3 points
in general position admits a polygonization (e.g., every minimum Euclidean TSP is crossing-free).
Consider now a set M of n disjoint line segments, let us denote by SM the set of their endpoints,
and assume that SM is in general position. If the matching M can be augmented with |M | edges
to a noncrossing cycle P (i.e., a simple polygon), then every other edge of P belongs to M . Such a
polygon P is also called an alternating polygonization of M . It is easy to see that M does not always
admit an alternating polygonization (see Fig. 2). Rappaport [92] proved that it is NP-complete
to decide whether a plane geometric graph can be augmented to a spanning cycle; and it is also
conjectured to be NP-complete to decide whether a noncrossing matching admits an alternating
polygonization. Studying this problem had been suggested by Toussaint around 1985. Rappaport,
Imai and Toussaint [93] proved that the decision problem is polynomially solvable in some special
cases, for example when the segments in M are convexly independent, that is, each of them has at
least one endpoint in the convex hull CH(SM ).

Figure 2: A set of ﬁve segments (left), which admits an alternating polygonization (middle). This is not
possible for the ﬁve segments on the right of the ﬁgure because their endpoints are in convex position, and
the only simple polygonization they admit is the boundary of their convex hull, missing the three central
segments.

Let us remark that the noncrossing geometric constraint is the core of the diﬃculty of this
problem. If we disregard crossings, we are simply in the combinatorial scenario, and any perfect
matching M in the complete graph K2n can be augmented in 2n (n − 1)! ways to a Hamiltonian
cycle in which every other edge belongs to M . For embedded geometric graphs, we have seen an
example of segments not admitting any alternating polygonization (Fig. 2). When they exist, it is
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possible that there is only one, for example, if M consists of every other edge of a convex 2n-gon.
But there can be exponentially many alternating polygonizations, as in the conﬁguration in Fig. 3.
Nevertheless, their number is bounded above by cn for some constant c (see Section 3), in contrast
to more than n! diﬀerent alternating cycles among abstract graphs.

b

a

Figure 3: For this set of n = 7 segments we can easily construct 2n−1 diﬀerent alternating polygonizations.
Imagine that we travel from a to b, traversing the n−1 vertical segments in our trajectory. At every departure
we can choose whether we arrive to the top or to the bottom end point of the next vertical segment.

We have seen that a noncrossing matching does not necessarily admit a Hamiltonian cycle.
Mirzaian [81] conjectured that every noncrossing matching with noncollinear vertices can be augmented to a Hamiltonian plane geometric graph (that is, the augmented graph contains a Hamiltonian cycle, but this cycle does not have to contain M ). Several years later, Hoﬀmann and Tóth [59]
conﬁrmed this conjecture in the aﬃrmative. They construct a noncrossing cycle P incrementally,
starting from the convex hull CH(SM ). The polygon P is then successively extended to pass through
more segment endpoints, while it remains compatible with M . In a ﬁrst phase of their algorithm,
P is incrementally extended to include the second endpoint of every segment that already has an
endpoint along P (similarly to Mirzaian’s technique to handle convexly independent segments [81]);
and simultaneously they construct a tiling of CH(SM ) such that every nonempty tile is adjacent to
a unique edge of P . At the end of the ﬁrst phase, all tiles are convex, and every remaining edge in
M \ P lies in the interior of some tile. In the second phase, a Hamiltonian polygon is computed, by
induction, in each tile that contains noncollinear segments of M . The small polygons in the tiles,
as well as collinear segments in some other tiles, are fused to P by modifying the common edge of
the tile with P (see Fig. 4 for an example).

Figure 4: A set M of disjoint line segment, where P is initially the boundary of the convex hull CH(SM )
(left). Polygon P is extended until it contains either both endpoints or neither endpoint of each segment,
every segment in M \ P lies in a convex tile adjacent to a unique edge of P , which are indicated by small
arrow heads (middle). In each convex tile containing noncollinear segments, there is a compatible spanning
cycle by induction, which can be fused to P via the corresponding edge of P (right).

Mirzaian [81] also made a slightly stronger conjecture: that every noncrossing matching M
4

with noncollinear vertices would admit a circumscribing polygon, that is, a polygonization of SM in
which every segment of M would be either an edge or an internal diagonal of the polygon (external
diagonals are excluded). He proved this property for convexly independent segments. However,
Urabe and Watanabe found a counterexample to this conjecture [114]. O’Rourke and Rippel found
a new family of segments admitting a circumscribing polygonization, namely sets of unit segments
such that the line containing each segment misses all the other segments [88].
Pach and Rivera proved that every set M of n segments has a subset M ′ ⊆ M of size roughly
√
3
n, such that M ′ admits a circumscribing polygon [89]. Let us note, though, that this polygon may
not be compatible with M , it may cross some edges in M \ M ′ . If we, instead, insist on alternating
polygons that are compatible with all segments in M , then the best result one can prove is that
there are always two segments in M that can be augmented to a simple quadrilateral compatible
with M [62]. The bound of at most two is tight, as shown by the example in Figure 2, right.

Figure 5: The set of segments that does not admit a spanning alternating path (left). This idea can be
extended to a tree-like construction (middle) in which the endpoints of the segments are in convex position, in
such a way that every segment “hides” two subtrees having the same structure. Only a subset of logarithmic
size can be included in any alternating simple path. A similar construction (right) with orthogonal segments
arranged in a 4-ary tree.

Around 1992, Urrutia asked what is the maximum length of a compatible alternating path for a
perfect matching M . It is a signiﬁcant relaxation to require an open polygonal path rather than a
closed polygon. For example, the segments in the right of Figure 2, in fact, can be augmented to an
alternating Hamiltonian path. However such a path is not always possible (Figure 5, left), and it is
not diﬃcult to construct sets of n segments in which any noncrossing alternating path compatible
with M has O(log n) length (Figure 5, middle). Hoﬀmann and Tóth [58] proved that for every set
of n disjoint segments, there is an alternating path of length Ω(log n) compatible with M , hence
showing that the upper bound is tight up to a multiplicative constant. For n disjoint orthogonal
√
line segments, Tóth [111] proved an asymptotically tight bound of Θ( n) (Figure 5, right).

2.2

From perfect matchings to encompassing trees

We have seen in the previous section that not every perfect matching M can be augmented to a
Hamiltonian cycle. It is not very diﬃcult to prove, though, that there is always an encompassing
tree, that is, a compatible spanning tree, that contains M as a subgraph: one can construct an
encompassing tree from any triangulation of M (Fig. 6). Nevertheless, a naı̈ve algorithm might
yield some high degree node in the tree. Is it always possible to ﬁnd an encompassing tree of
bounded degree?
5

Bose and Toussaint [20] proved in 1992 that every n disjoint segments admit an encompassing
tree with maximum degree at most seven, and gave an O(n log n) algorithm for its construction.
Shortly afterwards, they improved on this result, showing that every set of disjoint segments can
be encompassed by a spanning tree of maximum degree three (a binary tree), which can be constructed in optimal Θ(n log n) time [18]. The bound on the degree is the best possible, because
an encompassing tree with maximum degree two would be an alternating Hamiltonian path, which
we know is not always possible. Later Souvaine and Tóth [106] obtained a generalization: every
(disconnected) Pslg on n vertices can be augmented into a connected Pslg such that the degree
of each vertex increases by at most two, and the augmentation can be computed in O(n log n) time.

Figure 6: The set of twelve segments (left), which can be encompassed by a tree in which the maximum
degree of a node is eight (middle) but also by a binary tree (right).

A colored version of this problem was posed in 2004 in the conference version of [66]: given a
set of disjoint segments with a proper vertex coloring (two endpoints of each segments are colored
diﬀerently), is it always possible to ﬁnd a plane encompassing tree such that the new edges also
respect the coloring? Hurtado et al. [66] gave an aﬃrmative answer. Hoﬀmann and Tóth [57]
later proved that there is always a binary encompassing tree respecting the initial coloring of the
segment endpoints. This result was also generalized for arbitrary segment conﬁgurations [60]: every
vertex-colored Pslg without singleton components can be augmented into a connected Pslg such
that the degree of each vertex increases by at most two and the new edges respect the coloring.
The exclusion of singleton components is necessary, since it is possible that a singleton is visible
only from vertices of the same color (Figure 7, left).

Figure 7: A vertex-colored graph where a singleton vertex is only visible from vertices of the same color
(left). Disjoint line segments can be augmented to a pointed binary spanning tree (middle). A set of 10
segments, where for every pseudo-triangulation there is a vertex of degree at least 7 (right).

Another variation arose in the context of pseudo-triangulations, a topic that spurred substantial
attention in the ﬁrst decade of the 21st century (see the survey [95]) and that was introduced by
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Streinu [107]. A pseudo-triangle is a simple polygon having exactly three convex vertices, and a
pseudo-triangulation of a set S of n points is a noncrossing geometric graph, whose bounded faces
decompose the convex hull CH(S) into pseudo-triangle faces. While the number of triangles and
edges in a triangulation of S depends on the number of vertices on CH(S), it is always possible to
decompose CH(S) into exactly n − 2 pseudo-triangles, using exactly 2n − 3 edges, if S is in general
position, no matter how many points of S lie in the interior of the convex hull. These decompositions
minimize the number of pseudo-triangles (notice that a triangulation is also a pseudo-triangulation)
and have the property that every vertex p ∈ S is pointed : one of the faces incident to p has a reﬂex
angle at p. The pointedness property is related to the rigidity of graphs [108], which is one of
the reasons for the interest in pseudo-triangulations. Motivated by this framework, Hoﬀmann et
al. [56] proved that every set of disjoint segments has an encompassing tree in which every vertex
is pointed and has a degree at most three (Figure 7, middle). Such a pointed binary tree can be
augmented to a minimal pseudo-triangulation, and building on that they also proved that every
set of disjoint line segments in the plane has an encompassing minimal pseudo-triangulation whose
maximum vertex degree is bounded by seven, and this bound cannot be improved (Figure 7, right).

2.3

Looking for a second matching

A variant close in spirit to the original problem on alternating polygonizations of a matching was
posed by Aichholzer et al. [2]. Every alternating polygonization has an even number of edges and
is the union of two disjoint perfect matchings, M and M ′ . On the other hand, if M and M ′ are two
disjoint and compatible perfect matchings of a point set, then their union is a set of simple polygons
(cycles in K(SM )), each of which has an even number of edges. Let us observe that the matching in
the right part of Figure 2 has an odd number of edges and does not admit any compatible disjoint
perfect matching. Several other constructions were given in [2] for an odd number of disjoint
segments without any compatible disjoint perfect matchings. The authors conjectured that for
every noncrossing perfect matching M with an even number of edges in general position there is a
disjoint compatible perfect matching (Disjoint Compatible Matching Conjecture).
The positive results in [2] towards a solution were only partial. They conﬁrmed the conjecture in
some special cases (namely, for convexly independent or orthogonal segments), and they also proved
that there is always a set of alternating polygons, all of them compatible with M , encompassing
at least 4/5 of the segments in M . On the other hand, the techniques used for these results led
the authors to pose stronger conjectures, involving the convex subdivision of the free space around
the line segments. In fact, this geometric tool has been used in solving nearly all the problems
described in this section. One easy way to construct a convex subdivision for the segments in M
is the following (refer to Figure 8). For each endpoint q of a segment pq = s ∈ M , extend s along
→
the ray −
pq beyond q until it hits another segment, a previous extension, or (if it is not blocked) to
inﬁnity. Diﬀerent orders in which the extensions are drawn may yield diﬀerent subdivisions, but
in all cases the plane is subdivided into n + 1 convex cells, where n = |M |. Clearly, not all convex
subdivisions can be obtained in this way, e.g. the minimum number of cells in a convex subdivision
may be far fewer than n + 1. In the dual multigraph D associated with a convex subdivision, the
vertex set V (D) is the set of convex cells, and every segment endpoint p corresponds to an edge
in E(D) between two cells incident to p (double edges are possible if a segment in M lies on the
common boundary between two cells).
The additional conjectures in [2] were stated in the terms of the dual multigraph D associated
with a “suitable” convex subdivision. Orienting an edge of D towards a node v ∈ V (D) can be
7

Figure 8: The segments on the left part can be extended to produce a convex subdivision of the plane, as
shown in the middle. The dual multigraph of this subdivision is shown on the right.

seen as assigning a segment endpoint to the cell corresponding to v. In an even orientation of
an undirected (multi-)graph, edges are oriented in such a way that every node has an even indegree. In particular, an even orientation of D means that an even number of segment endpoints
are assigned to each convex cell of the subdivision. Now, it is not diﬃcult to see that in this case,
one can match the endpoints assigned to each cell using disjoint segments lying in the interior of
the cell (and hence compatible with M ), with the only exceptional case that a cell is assigned to
exactly two segments endpoints, which are the two endpoints of the same segment of M . We can
encode this information in the dual graph: two adjacent edges of D are said to be in conflict if they
correspond to the two endpoints of a segment in M ; and an even orientation of D is conflict-free
if no two conﬂicting edges are oriented into a node of in-degree 2. Hence, if M admits a convex
subdivision where the dual graph has a conﬂict-free even orientation, this immediately implies the
existence of a disjoint compatible matching M ′ .
A solution to the Disjoint Compatible Matching Conjecture has been claimed very recently by
Ishaque et al. [68], and follows the approach described in the preceding paragraph. For every set of
n ≥ 2 disjoint line segments in the plane in general position, they construct a convex subdivision
such that the associated dual graph D contains two edge-disjoint spanning trees. The subdivision
is obtained by an iterative process, in which the number of cells may drop below n + 1, but the
number of edges remains 2n, since they are in bijection with the segment endpoints. They also show
that every multigraph that has an even number of edges and contains two edge-disjoint spanning
trees must have a conﬂict-free even orientation. Based on the argument in the previous paragraph,
this already implies the Disjoint Compatible Matching Conjecture.
None of the stronger conjectures formulated by Aichholzer et al. [2] have been conﬁrmed yet,
but some of them have been refuted. For example, if we insist that the convex subdivision must be
constructed by extending the segments successively beyond their endpoints (as in Fig. 8), then the
dual graph does not always contain two edge-disjoint spanning trees [7]. In the proof of Ishaque et
al. [68], it was essential to work with a broader class of convex subdivisions, which may have fewer
than n + 1 convex cells.
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3

An extreme case: augmenting empty graphs

A peculiar yet very interesting augmentation problem arises when the input graph has no edges:
we are only given a set S of points in the plane and some graph property P. The most restrictive
graph property requires the augmentation to be isomorphic with a given planar graph G = (V, E),
with |S| = |V | = n vertices. In other words, the problem is to embed G with straight-line edges on
top of S without crossings.
Notice that this problem is not always feasible, and that the speciﬁc conﬁguration of the points
in S makes a world of diﬀerence. For example, no graph with at least 2n−2 edges can be embedded
on top of a set of n points in convex position, because this set admits at most 2n − 3 pairwise noncrossing geometric edges, which would constitute a triangulation of its convex hull. On the other
hand, even if we ﬁx a set of n points with a triangular convex hull (and so any triangulation has
3n − 6 edges), this point set may not accommodate all n-vertex planar graphs. An example is given
in Figure 9: many maximal planar graphs with n vertices contain no vertex of degree 3 or less, or
no vertex of degree n − 1, and none of them can be realized on top of the set shown in Figure 9.

Q

Figure 9: A set S of n = 9 points with a triangular convex hull (left). A maximal plane graph on top of S
will be a triangulation T with 3n − 6 edges. However, the edges shown on the right must appear in every
triangulation of S, and they only diﬀer in the edges that triangulate the gray region Q. Therefore T will
have at least two vertices of degree 3, and at least one with degree n − 1.

3.1

Plane drawings of specific graphs and classes of graphs

Given an n-vertex planar graph G and an n-element point set S, it is NP-complete to decide
whether G admits a straight-line embedding on top of S. Cabello [23] proved that this is NPcomplete problem even if G is restricted to be 2-connected and 2-outerplanar.
However, there are ﬁnite point sets, perhaps much larger than n, that accommodate all n-vertex
planar graphs. A point set S is called n-universal if every planar graph with n nodes admits a
straight-line embedding on top of a subset of S. For instance, the union of vertex sets of arbitrary
straight-line embeddings of all n-vertex planar graphs is n-universal, although this point set is quite
large, with up to eΘ(n) points. It is a longstanding open problem to ﬁnd the smallest size of an
n-universal point set for all n ≥ 0 (see Problem 45 in [29]). It is known that an (n − 1) × (n − 1)
section of the integer lattice is n-universal [44, 101]. However, no n-universal set of points with a
subquadratic number of elements is known. Chrobak and Karloﬀ [27] proved that every n-universal
set must have at least 1.098n points, and Kurowski [79] improved the lower bound to 1.235n.
It is also remarkable that for certain graph classes the conﬁguration of the points—provided
they are in general position—is no obstacle at all. For example, Gritzmann et al. [55] proved
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that every outerplanar graph of n vertices admits a crossing-free plane embedding on top of any
set of n points in general position. There are also eﬃcient algorithms for the construction of the
embedding [15,76]. In the case of a tree T = (V, E), it is even possible to select a node v ∈ V and a
point p in the given point set S, and realize T on top of S with the additional constraint that v is
mapped to p. This was proved by Ikebe et al. [67] and an eﬃcient associated algorithm is described
in [19].
There are many variants of similar embeddability problems. Brass et al. [21], for example,
consider the geometric simultaneous embedding of two planar graphs in which two graphs should
admit a plane realization on top of the same vertex set, possibly with the additional requirement
that they are compatible; see [43] for a list of results on this subject. We do not pursue here this
extension or the many variants that appear in the rich literature of the Graph Drawing area of
problems. We refer the interested reader to Chapter 9 in [22] for geometric graphs, and to [31,109],
Chapter 21 in [99], and Chapter 52 in [52], for the more generic framework.

3.2

The number of embeddings

Some graphs admit many straight-line embeddings on top of a point set S in general position. For
instance, the cycle Cn has several embeddings on an n-element point set, unless the points are
in convex position. It was the subject of intense research to ﬁnd upper and lower bounds on the
maximum possible number of embeddings. Here we brieﬂy survey two cases and provide references
for other graph classes.
Let S be a set of n points in the plane in general position, labeled by integers from 1 through
n. There is an obvious combinatorial upper bound on the number of polygonizations given by the
number of cyclic permutations, (n−1)!, which is roughly nn , neglecting exponential and polynomial
terms. However, it is clear that most of the polygons generated in this way would have crossings.
Notice that the solution to the Euclidean traveling salesman problem, that is, the spanning cycle
of minimal total length, is necessarily crossing-free, i.e., a polygonization, because any two crossing
edges can be replaced by two edges of their convex hull, resulting in a strictly shorter spanning
cycle. This motivates why this counting problem, going back to Newborn and Moser [85], has been
intensely investigated.

Figure 10: A set S of ﬁve points in the plane, and all eight straight-line embeddings of C5 on top of S.
A major step in estimating the number straight-line embeddings was achieved by Ajtai, Chvátal,
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Newborn, and Szemerédi [6]. They proved that every set of n points in the plane admits at most
cn crossing-free geometric graphs, with a constant c = 1013 . It is worth mentioning that the
crossing lemma, a corner stone in geometric graph theory, was proved in this paper as a lemma for
this result1 . The upper bound for the number of polygonizations on an n-element point set has
been improved substantially in a series of papers. One of the latest upper bounds is O(68.66n ) by
Dumitrescu et al. [36], which has recently been further improved to O(54.55n ) by Sharir et al. [103].
The best current lower bound comes from the so-called double chain conﬁguration (see Figure 11),
which is known to have more than 4.64n diﬀerent polygonizations [47]. If we denote by p(n) the
maximum number of polygonizations over all sets of n points in general position, the currently
best bounds can be summarized as 4.64n . p(n) . 54.55n , where we omit polynomial factors and
display the dominating exponential term only.
The bound cn given by Ajtai et al. [6] also applies to triangulations. Counting triangulations is
an old problem going back to Euler, who considered the case of points in convex position, counted
by the Catalan numbers (see [102] for an historical account). Possibly David Avis was the ﬁrst to
ask about the maximal number of triangulations over generic point sets [118]. Denote by tr(S) the
number of triangulations a point set S admits, and by tr(n) = max|S|=n tr(S) the maximal value
over all n-element point sets. Assume that we have a bound tr(n) ≤ cnt for some constant ct . Then,
since every crossing-free geometric graph on n vertices can be augmented to a triangulation and a
triangulation has at most 3n − 6 edges, we infer that 23n−6 cnt ≈ 8n cnt is an upper bound for the
number of plane geometric graphs on top of any n-element point set.
Similarly, if for some class of n-vertex graphs G one can derive an upper bound of g n on the
number of graphs in G that are contained as a subgraph in a triangulation on n vertices, then
g n cnt is an upper bound for the diﬀerent realizations of graphs in G on any n-element point set.
This explains why improving on the value of the constant ct has been the subject of a long list of
papers, see [118,105] for an account and references. Currently the best upper bound is tr(n) ≤ 30n ,
obtained by Sharir and Sheﬀer [102], reﬁning the method given by Sharir and Welzl [104], which
combines the use of random triangulations with a charging scheme. On the opposite direction,
the double chain point conﬁguration admits 8n triangulations [47]. This lower bound construction
was widely believed to be best possible until Aichholzer et al. [5] introduced the double zig-zag
chain, and proved that it admits Ω(8.48n ) triangulations (Figure 11). The double chain consists
essentially of two “ﬂat” convex polygons P and Q facing each other. In the double zig-zag chain,
P and Q are the most basic type of almost-convex polygons, a class introduced by Hurtado and
Noy [63]. Using other almost-convex polygons in a similar manner, Dumitrescu et al. [36] have
very recently constructed n-element point sets that admit Ω(8.65n ) triangulations. While the gap
between the upper and lower bounds keeps narrowing and there is no ﬁrm conjecture on what the
right constant may be in the exponent, nonetheless one may say that the lower bounds have always
been thought to be closer to the true value.
Other graphs, such as perfect matchings, spanning paths, pseudo-triangulations and many more
have been studied from this perspective. Details on bounds and references can be found in [5]
and [105].
1

The crossing lemma was independently proved by Leighton [80], as well.
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Q

Figure 11: The double chain (left) consists of two convex chains that face each other. The line connecting
any pair of points in the lower (resp. upper) chain leaves above (resp. below) all the points in the other
chain. The dashed edges are present in every triangulation, so the three resulting regions are triangulated
independently. The double zig-zag chain (right) is very similar, but reﬂex and convex vertices alternate, and
the line deﬁned by two consecutive vertices in the lower chain leaves exactly one point from the lower chain
above; the situation is symmetric for the upper chain.

3.3

Spanning graphs with desirable properties

In many applications, we do not necessarily want to embed a speciﬁc graph on top of a point set
S, but rather we would like to construct a spanning graph on S with certain properties. The properties may be purely graph theoretical (e.g., connectivity) or speciﬁc to the geometric realization
(e.g., dependent on Euclidean lengths or angles). In this section, we consider some representative
examples of each type.
Connectivity. Given a point set S in the plane in general position, and an integer k ≥ 0, we
could like to embed a k-connected (resp., k-edge-connected) graph on top of S. For k = 1, it
is clear that every point set admits a spanning tree, which is the smallest connected graph on n
vertices. As noted above, n ≥ 3 points in general position also admit a spanning cycle, which is
the smallest 2-connected graph on n vertices. However, n points in convex position do not admit
3-connected augmentation, since every maximal augmentation is a triangulation in which at least
two vertices have degree 2. It is easy to see, though, that any other point set (i.e., not in convex
position) on n ≥ 4 vertices admits a 3-connected graph: start with a star centered at a vertex in
the interior of the convex hull, and complete it into a wheel graph, which is 3-connected. For 4and 5-connectivity, the analogous question about feasibility is not so easy anymore.
To determine whether a point set admits a k-connected graph, it is enough to consider whether
it admits a k-connected triangulation, since every planar straight-line graph can be triangulated
and additional edges can only increase the connectivity. Dey et al. [30] proved that every set whose
convex hull consists of 3 vertices admits a 4-connected triangulation, with the only exception of
the point set in Figure 9, left. No characterization is known for generic point sets (with arbitrary
convex hull) that admit 4- or 5-connected triangulations. Note that k-connectivity is infeasible for
k ≥ 6, since very planar graph has a vertex of degree at most 5.
If we can decide whether there exists a k-connected graph on top of a given point set S, the
next question is to ﬁnd one with the fewest possible edges. If we allow crossings, then every set of
n vertices admits a 3-connected graph with ⌈3n/2⌉ edges, which is best possible since the degree of
every vertex must be at least 3. For constructing a crossing-free 3-connected graph on top of a point
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set S, the location of the points (or, rather, their order type) already matters. Garcı́a et al. [45]
proved that if we are given a set of n points, h < n of which lie on the boundary of the convex hull,
then it admits a 3-connected planar straight-line graph with max(⌈3n/2⌉, n + h − 1) edges, and
this bound is the best possible for each point set. This implies, in particular, that a cubic (that is,
absolute minimum size) 3-connected graph is possible if n ≥ 4 is even and at most n/2 + 1 points
lie on the convex hull (Figure 12, left). The proof in [45] is algorithmic, and 3-connected graphs of
the above size can be computed in polynomial time.
Angle and slope conditions. A frequently used generalization of triangulations is a convex
decomposition, which is a plane geometric graph where all bounded faces are convex, and the
bounded faces jointly tile the convex hull of the vertex set. Every point set admits a convex
decomposition (since every triangulation is a convex decomposition). While a triangulation on top
of n points, h of which lie on the convex hull, has exactly 3n − h − 3 edges, a convex decomposition
may have as few as n edges (if the points are in convex position). Improving upon earlier results [84,
61], Sakai and Urrutia [100] showed recently that every set of n points, h of which are on the convex
hull, admits a convex decomposition with 37 n − h edges, which is the best possible for inﬁnitely
many (n, h) pairs (Figure 12, middle), but not known to be optimal in general. The currently best
23
lower bound, 11
n − 3, in terms of n is due to Garcı́a-Lopez and Nicolás [49].

Figure 12: A set of n = 10 points, h = 6 of which lie on the boundary of the convex hull, admits a 3-connected
cubic Pslg (left). A minimum convex decomposition for n = 10 points, h = 5, with ⌊ 37 n − h⌋ = 18 edges
(middle). A straight-line embedding of a 3-connected cubic graph where the 15 edges have only 6 diﬀerent
slopes (right).

It is well known [12] that among all triangulations of a point set, the Delaunay triangulation
maximizes the minimum angle (intuitively, all triangles are as “fat” as possible). Aichholzer et al. [4]
proved that every point set admits a triangulation in which each point is incident to a triangle that
has an angle of at least 2π/3 at that point, and the bound 2π/3 is the best possible. There
are similar results [4, 14, 35, 40] for angle-constrained spanning cycles, however all known results
consider arbitrary geometric graphs (with possible crossings). It is an open problem to determine
the minimum and maximum possible angles that a crossing-free spanning cycle, spanning path, or
spanning tree can have, over all n-element point sets in general position.
In a problem closely related to the angle constraints on adjacent edges, Dujmović et al. [34]
studied the crossing-free geometric graphs that can be embedded in the plane with few diﬀerent
edge slopes. They prove that every planar graph with n vertices has a straight-line embedding in
the plane with at most 2n − 10 diﬀerent slopes, based on a canonical decomposition introduced by
de Fraysseix [44]. They also construct triangulations that require at least n + 2 diﬀerent slopes. It
remains an open problem to determine the minimum number of slopes suﬃcient for the straight-line
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embedding of every planar graph with n vertices. It is clear that a vertex of degree ∆ forces at
least ⌈∆/2⌉ slopes in any straight-line drawing. Dujmović et al. [34] show that ⌈∆/2⌉ slopes are
suﬃcient for the embedding of every tree of maximum degree ∆; and 6 slopes are suﬃcient for the
embeding of every 3-connected cubic planar graph [73] (Figure 12, right). But in general, it is not
known whether the “slope number” of a planar graph is a function of the maximum degree.
Spanners.

The stretch factor of a geometric graph G = (V, E) is the maximum ratio
max

u,v∈V

|path(u, v)|
,
|uv|

where |path(u, v)| is the Euclidean length of the shortest path between u and v, and |uv| is the
Euclidean distance between points u and v. The ratio |path(u, v)|/|uv| is also called the detour
between points p and q. A geometric graph G = (V, E) is a k-spanner if its stretch factor is( at)
most k. For a set of n points, the only 1-spanner is the complete geometric graph, which has n2
edges and many crossings whenever n ≥ 5. Chew [26] proved that for every point set, there is
a plane geometric graph with stretch factor at most 2, and it is the dual graph of the Voronoı̈
diagram induced by equilateral triangles. Chew conjectured that the stretch factor of the standard
Delaunay triangulation (induced by disks) is at most π/2 ≈ 1.5708. Chew’s conjecture has recently
been refuted by Bose et al. [17]. The best current lower bound was found by a computer search:
Xia and Zhang [121] presented a point set whose Delaunay triangulation has a stretch factor of
1.5907. The best current upper bound,
√ 1.998, has recently been announced by Xia [120], improving
the previous best upper bound of 4 3π/9 ≈ 2.418 by Keil and Gutwin [77]. It is not known what
is the maximum stretch factor of a Delaunay triangulation, and, more interestingly, what is the
minimum stretch factor that a plane geometric graph can have on top of any ﬁnite point set.
Giannopoulos et al. [51] and Gudmundsson and Smid [53] proved independently that, for a
given set of n points and an integer K, it is NP-hard to ﬁnd the plane geometric graph of minimum
stretch factor and at most K edges. It is still possible, however, that one can eﬃciently compute a
plane geometric graph with minimum stretch factor for a given point set if there is no limitation
on the number of edges.
In the last 20 years, researchers have studied extensively crossing-free spanners that have several
desirable properties simultaneously, such as bounded stretch factor, bounded degree, and small
Euclidean length [16]. One recent result in this thread, by Kanj et al. [71], states that for every
integer k ≥ 14 and every n-element point√set, there is a Pslg with maximum degree at most k and
2π
stretch factor at most (1 + k cos(π/k)
) · 4 3π/9, and such a Pslg can be computed in O(n) time.
For a detailed historical account, variants of the problem, and algorithmic results, we refer to a
survey book by Narasimhan and Smid [83].

4

Generic plane augmentation problems

In the previous two sections, we have surveyed augmentation problems for perfect matchings and
empty graphs. In the most general version of geometric graph augmentation, we are given an
arbitrary planar straight-line graph G = (V, E) and a graph property P. Our task is to augment
G into a Pslg with property P or report that no such augmentation is possible. Here P may
be an abstract graph property or a property speciﬁc to geometric graphs. At any rate, we can
consider only properties of planar graphs, since the output has to be planar. We consider two
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illustrative examples: One is connectivity augmentation, where property P is k-connectivity or
k-edge-connectivity for some integer k, 1 ≤ k ≤ 5. The other property is detour at most d, for some
real d ≥ 1, which is speciﬁc to geometric graphs.

4.1

Connectivity augmentation

The k-connectivity (resp., k-edge-connectivity) augmentation problem asks for the minimum number of edges that augment a given graph G = (V, E) into a k-connected (resp., k-edge-connected)
graph G′ = (V, E ∪E ′ ). For abstract graphs, both the vertex- [70] and edge-connectivity [42,82,117]
versions have polynomial-time solutions for every integer k; and there are linear time solutions for
k = 2 [38, 64, 65, 94]. In general, vertex connectivity is technically more diﬃcult to handle. When
k is part of the input, Végh [116] recently gave a polynomial time algorithm for the k-connectivity
augmentation of a (k − 1)-connected graph.
Kant and Bodlaender [74] considered connectivity augmentation problems over planar graphs,
where both the input and output are required to be planar (i.e., no minor isomorphic to K5 or
K3,3 ). They showed that such a planarity-preserving edge-connectivity augmentation is NP-hard
already for k = 2, and later Rutter and Wolﬀ [98] showed this for vertex-connectivity as well. Fialko
and Mutzel [41] and Gutwenger et al. [54] proposed constant-factor approximations. However, in a
planarity preserving augmentation, the output graph may not be compatible with every straightline embedding of the input graph, and so these results are not applicable when the input is a
planar straight-line graph.
Connectivity augmentation over planar straight-line graphs is signiﬁcantly more restrictive. For
instance, a path on n vertices has a planarity preserving augmentation to a 2-connected Hamiltonian cycle by adding one edge (between the endpoints of the path). However if the path is
embedded in the plane as a zig-zag chain on n points in convex position (Fig. 13), then 2-edgeconnectivity augmentation requires ⌊n/2⌋ new edges, 2-connectivity requires n − 2 new edges, and
the connectivity augmentation is not even feasible for k ≥ 3. Rutter and Wolﬀ [98] proved that
the k-connectivity and k-edge-connectivity augmentation problems are NP-hard over plane geometric graphs for k = 2, 3, 4, and 5. As noted above, the problem is infeasible for k ≥ 6 because
every planar graph has a vertex of degree at most 5. Currently, there are no approximation algorithms. Research focused on determining whether augmentation is feasible, and on extremal
bounds: what is the minimum number of new edges that are suﬃcient for the k-connectivity (resp.,
k-edge-connectivity) augmentation of any plane geometric graph on n vertices?

Figure 13: A zig-zag path on 8 vertices in convex position (left). 2-connectivity augmentation required 6
new edges (middle). 2-edge-connectivity augmentation required 4 new edges (right).

Vertex-connectivity. Abellanas et al. [1] were the ﬁrst to obtain extremal bounds. They proved
that a connected Pslg with b cut-vertices can be augmented to a 2-connected Pslg with b new
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edges. The case of the zig-zag path, with n − 2 cut vertices, shows that this bound is the best
possible. It follows that every connected Pslg on n vertices can be augmented to a 2-connected
Pslg with at most n − 2 new edges, and this bound is also the best possible. It is not known,
however, what is the minimum number of edges suﬃcient for the 2-connectivity augmentation of
any (possibly disconnected) Pslg with n vertices.
It is easy to see that every Pslg in general position can be augmented to 2-connectivity, since
every triangulation is 2-connected. This is no longer true for 3-connectivity. Tóth and Valtr [113]
proved that a Pslg G = (V, E) can be augmented to 3-connectivity if and only if V is not in convex
position and no edge in E is a proper diagonal of the convex hull CH(V ). Similar combinatorial
characterizations are not known for 4- or 5-connectivity.
Edge-connectivity. Every Pslg can be augmented to a 2-edge-connected Pslg. Tóth and
Valtr [113] characterized the Pslgs that can be augmented to 3-edge-connectivity, they are called
3-edge-augmentable. Speciﬁcally, a Pslg G = (V, E) is 3-edge-augmentable if and only if V is not
in convex position and there is no edge e ∈ E such e is a proper diagonal of CH(V ) and all vertices
on one side of e lie on the boundary of CH(V ). Similar combinatorial characterizations are not
known for 4- or 5-connectivity.
Let us point out two easy but important tools that simplify the study of edge-connectivity
augmentation. The ﬁrst tool is the concept of k-edge-connected components in a graph G = (V, E):
it is a maximal subset Vc ⊂ V such there are at least k edge-disjoint paths between any two vertices
of Vc . By Menger’s theorem, a graph G is k-edge-connected if and only if it has only one k-edgeconnected component. The second tool is the use of multi-edges. Abellanas et al. [1] proved that
if a Pslg G = (V, E) can be augmented to 2-edge-connectivity with m new edges such that some
new edges are duplications of existing edges in E, then the augmentation is also possible with m
new edges and no double edges. An analogous result holds for 3-edge-connectivity augmentation if
G is 3-edge-augmentable [8].
Target edge-connectivity
Arbitrary Pslg
Connected Pslg
2-edge-connected Pslg

1
n−1
0
0

2
≥ ⌊(4n − 4)/3⌋
⌊(2n − 2)/3⌋
0

3
2n − 2
≥ ⌊(4n − 4)/3⌋
n−2

Table 1: The minimum number of new edges suﬃcient for raising the edge-connectivity of any Pslg on n
vertices in general position to a target k = 1, 2, 3. Tight bounds and lower bounds.

Extremal bounds are known for the minimum number of edges suﬃcient for increasing the
edge-connectivity by one for any Pslg with n vertices (see Table 1). It is easy to see that every
disconnected Pslg with c ≥ 2 components can be augmented to a connected Pslg by adding
exactly c − 1 new edges. The maximum value of c is n, attained for empty graph. Abellanas et
al. [1] conjectured that every connected Pslg on n vertices can be augmented to a 2-edge-connected
Pslg with at most ⌊(2n − 2)/3⌋ new edges, and the this was later conﬁrmed by Tóth [112]. This
upper bound is the best possible: the lower bound construction consists of a triangulation with
m vertices, with a leaf added in each of the 2m − 5 bounded faces, and 3 pairwise invisible leaves
in the outer face (Fig. 14, left). This Pslg has n = m + (2m − 5) + 3 = 3m − 2 vertices, and
each of the 2m − 2 leaves requires one new edge for 2-edge-connectivity. The proof of the upper
bound is constructive: a polynomial-time augmentation algorithm adds new edges in each face of
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the input graph independently. The key tool is the geodesic hull of all 2-edge-connected components
adjacent to a face (Fig. 14, middle). The boundary of the geodesic hull is a closed polygonal chain
P that visits all 2-edge-connected components, and so one can add some edges of P into the input
graph (possibly creating double edges), and merge them into a single 2-edge-connected component
(Fig. 14, middle). At the end of the algorithm, double edges can be replaced with single edges
by [1].

F

Figure 14: APslg on n = 19 vertices, including ⌊(2n − 2)/3⌋ = 12 leaves (left). The geodesic hull of one
vertex of each 2-edge-connected component incident to a face F (middle). A 2-edge-connected graph on
n = 9 vertices that requires n − 2 = 7 new edges to 3-edge-connectivity (right).

Tóth and Valtr [113] showed that n − 2 edges are always suﬃcient for raising the edgeconnectivity of a 3-edge-augmentable Pslg on n vertices from 2 to 3. The upper bound is based on
the simple observation that a new edge can decrease the number of 3-edge-connected components
by one, and if there are n such components initially, then the ﬁrst two new edges can create a K4
minor, which is a 3-connected component with 4 vertices. This upper bound is the best possible: if
G = (V, E) is a Hamiltonian cycle with exactly one vertex in the interior of CH(V ), then the only
3-edge-connected augmentation is the wheel graph with n − 2 new edges (Fig. 14, right).
For abstract graphs, one can solve k-connectivity-augmentation optimally in a multi-phase
algorithm, where each phase increments the edge-connectivity by one [25]. This is not the case for
geometric graphs, since edges added in one phase could become obstacles in subsequent phases.
Al-Jubeh et al. [8] showed that any Pslg on n vertices in general position can be augmented to
3-edge-connectivity with at most 2n − 2 new edges, if the augmentation is feasible, and this bound
is the best possible. No tight extremal bounds are known for raising the edge-connectivity from
0 to 2 or from 1 to 3 (see Table 1). Lower bound constructions, similar to one in the left part of
Fig. 14, show that in the worst case ⌊(4n − 4)/3⌋ new edges are needed for both problems.
Augmenting crossing-free straight-line trees. Abellanas et al. [1] proved that every path
on n vertices in general position can be augmented to 2-edge-connectivity with ⌊n/2⌋ edges, and
this bound is the best possible (Fig. 13). They conjectured that n2 + O(1) edges are suﬃcient for
augmenting any tree on n vertices to 2-edge-connectivity. However, Tóth [112] constructed a family
17
of trees that require 33
n − O(1) new edges. Garcı́a and Tejel [48] improved the lower bound to
6
n
−
O(1).
Consider
the
tree in the left part of Fig. 15. It has 8 leaves, 5 of which lie in the
11
interior of the convex hull and are pairwise invisible to each other. Identify one of the interior
leaves A with an exterior leaf of a scaled copy of the original construction as in the right part of
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Fig. 15(right). Then the number of vertices goes up by 11. The leaf A, which required one new
edge, has been replaced by a subgraph with 7 leaves. Two of these leaves see each other, and the
remaining 5 leaves are isolated. However, even if we join the two new mutually visible leaves to
each other, the original edge A is still not contained in any circuit, so these 7 leaves require 7 new
edges. By iterating this step k times, we obtain a tree with 13 + 11k vertices that require 7 + 6k
new edges.

A

A

Figure 15: A tree with 13 vertices, including 8 leaves, which requires 7 new edges (left). Replacing A with
a scaled copy of the original construction, the number of vertices increases by 11, and the number of leaves
increases by 7, and it requires 6 more new edges (right).

Currently, the best upper bound for trees is the same as for any Pslg: every connected Pslg
with n vertices can be augmented to a 2-edge-connected Pslg by adding at most ⌊(2n − 2)/3⌋ new
edges. We emphasize again that the diﬃculty is posed by requiring straight-line edges. If the new
edges are allowed to be Jordan arcs, then the lower bound of ⌊n/2⌋ is the best possible [112].

4.2

Network optimization through augmentation

Motivated by wireless communication networks, Kranakis et al. [78] studied 2-edge-connectivity
augmentation for noncrossing subgraphs of unit disk graphs. They prove that if G = (V, E) is a
connected Pslg in general position, it has b cut edges, and all edges have length at most 1, then G
can be augmented to a 2-edge-connected Pslg with at most b new edges, each of which has length
at most 3. The bound 3 on the length of the new edges cannot be improved (Fig. 16, left), but the
bound on the number of new edges is not known to be optimal. Similarly, a noncrossing tree with n
vertices in general position and edges of length at most 1 can be augmented to a 2-edge-connected
Pslg with at most ⌊5n/6⌋ new edges, each of length at most 3. It follows from the reduction of
Rutter and Wolﬀ [98] that ﬁnding the minimum number of new edges remains NP-complete under
the restriction that the new edges have bounded length.
In typical applications in wireless communication, the edges of a graph or digraph are given
implicitly. The input is a set S of points in the plane. Every assignment of angular domains with
apices at S and radius r (which correspond to directional antennae of uniform range r stationed at
points in S) deﬁne an geometric digraph G = (V, E) such that (u, v) ∈ E if and only if one of the
angular domains with apex at u contains v and the distance |uv| is at most r. A digraph deﬁned
in this way can be augmented by increasing the radius r. Note, however, that some edge pairs may
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inevitably cross in this model. Problems in the literature [24, 28, 33] ask for the minimum radius
and minimum angle (alternatively, sum of angles) that guarantee strong connectivity.
b

a

Figure 16: A path with unit length edges, that requires an edge of length 3 − ε for 2-edge-connectivity
augmentation (left). A path between a and b where the stretch factor is large, but cannot be improved with
additional edges (right).

Giannopoulos et al. [51] showed that it is NP-hard to decide whether a given Pslg G = (V, E)
can be augmented with at most K new edges such that its stretch factor drops below a given
threshold λ > 1. Farshi et al. [39] considered the problem of ﬁnding a single new edge that would
maximally decrease the stretch factor of a geometric graph, where both the input graph and the new
edge may have crossings; they proposed eﬃcient algorithms for both ﬁnding and approximating
the optimal “shortcut.” Wulﬀ-Nilsen [119] generalized the problem to arbitrary metric spaces.
Aronov et al. [10] studied the variant of this problem where the input graph contains a singleton
(which must be connected to the remainder of the graph), but they also allow crossings in the output.
No results are known for ﬁnding such “bottleneck” edges over crossing-free geometric graphs in the
plane. Note that if crossings are not allowed, then the stretch factor of the augmentation cannot
be decreased below any constant threshhold. The detour between two endpoints of a zig-zag path
can be arbitrarily large (Fig. 16, right), but in some cases it cannot be improved by adding new
edges.
In all applications mentioned so far, it was clear that the addition of new edges can only
improve the network (new edges can neither decrease the connectivity nor increase the detour).
We note here that augmentation may deteriorate the quality of a network. For example, there are
simple instances of noncooperative network congestion games (c.f., Braess’s paradox) where the
total latency at Nash equilibrium increases if we add a new edge. Roughgarten [96, 97] showed
that this deterioration can be arbitrarily large, even in planar networks. Network design problems,
under various capacity and demand constraints, go beyond the scope of this paper. We refer to a
comprehensive survey by Tardos and Wexler [110]. Current techniques in this domain are unable
to enforce the crossing-free condition, and it would be very interesting to study congestion games
for embedded networks in a geometric setting.

5

Concluding remarks

The family of augmentation problems is quite large. As mentioned in the introduction, we have
only discussed some selected representatives problems here. We conclude with brieﬂy mentioning
some problems that have not been included.
• We omitted the weighted versions of problems, in which the weight of an edge is its Euclidean
length, and the weight of a Pslg is its total edge length. The complexity of only very
few weighted optimization problems are known. Given a set of n points in the plane, the
Euclidean minimum spanning tree (EMST) can be computed in O(n log n) time, as a minimum
spanning tree in the Delaunay triangulation of the points. However, ﬁnding a minimum
weight triangulation is NP-hard [86]. The minimum weight Pslgs from most graph classes
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(e.g., spanning trees, spanning cycles) are often automatically noncrossing, but the crossingfree property has to be explicitly enforced for maximum weight Pslgs, which is impossible to
model with standard optimization techniques. Approximation algorithms for some variants
have been presented in [9, 37].
• We have not reviewed combinatorial games, in which two players construct disjoint compatible
Pslgs on a given point set by incrementally augmenting the empty graph, following certain
rules. Many graph creation games have been considered (e.g. maker-breaker or avoiderenforcer games) for noncrossing geometric graphs [3], but many open problems remain.
• We did not mention any problem that involves Steiner points (that is, augmenting a graph
with both vertices and edges, and possibly subdividing existing edges). Patrignani [90] showed
that it is NP-complete to decide whether a partial embedding of a graph can be completed
to a straight-line embedding. This problem is, in fact, NP-complete already for trees [13].
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some common geometric graphs. In Proc. Sympos. Theorerical Aspects of Comp. Sci. (STACS),
2011, LIPICS, Schloss Dagstuhl, vol. 5 of LIPICS, Schloss Dagstuhl, pp. 637-648.
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